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Abstract— A semi-blind deconvolution method of analysis for
gene expression data was proposed recently in a series of
articles appeared in PNAS. We illustrate here how similar goals
can be achieved in a Bayesian framework and how necessary
information on the presence of binding sites can be obtained
with Vocabulon, an algorithm based on a stochastic dictionary
model.

I. I NTRODUCTION

The following picture illustrate the type of network at the
base of the analysis in this report.
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The nodes namedR in this graph, and drown with an empty
circle, represent concentration of active form of regulatory
proteins. The empty circle indicate that we do not have mea-
surements on their values. The nodes namedG and represented
with a full circle indicate genes, whose expression values we
observe through a series of gene expression experiments. The
arrows connecting nodes indicate which regulatory proteins
have influence on which genes.

In the setting of Network Component Analysis [?], [3], the
expression values of the different genes are linked to the values
of the concentration of active form of regulatory proteins
according to a simple model described in the following. Let
eit be the expression value of genei at time-pointt; we are
going to consider a total ofN gene andM time-points. Letpjt

be the concentration of active form of proteinj at time point
t; we are going to consider a total ofL regulatory proteins.
Then, we assume that

• eit ∼ N (
∑L

j=1 αijpjt, σ
2); Since for each gene we

assume only a small number of the possible arrows in the
graph above to exist, most of theαij will be zeroes. We
will take care of making this clear in further formulations,
but we leave here the full model for generality.

• that all theeit are independent;
• and alleit have identical variance.

Both the independence and the identical variance assumptions
can be relaxed, modulo availability of sufficient data for

estimation. The normality assumption reflect the fact that
a least square criteria appears as a satisfactory inferential
principle. In the following we will useΣ to indicate be the
variance covariance matrix ofΓ. Note that the independence
of the genes isgiventhe valuespjt, that is really refers only to
the random variation around their mean, that is determined by
common regulatory proteins. In this model, bothαij andpjt

are unknown. In this sense, it resembles a blind deconvolution
problem. However, our setting is slightly different in that we
know the numberL of mixing components and we know
which component participates in which observed signale,
that is we know the connectivity structure of the network
described above. If we organize the expression values in a
N×M matrix E, with each row representing a gene and each
column representing an experiment, the formulation above can
be written as:

E = AP + Γ,

with A andN ×L matrix in which each column represent the
action of a regulatory protein on all the genes in the system
andP is aL×M matrix with each row representing the profile
of each regulatory protein across experiments. The matrixΓ
represent noise terms. Looking at the expression above, it is
apparent thatA and P represent a (noisy) decomposition of
matrix E. Decomposing a matrix in the product of two is a
problem that admits infinite solutions. Even if one considers
as solutions the equivalent classes of all the matricesP̃ , Ã
obtained by pre or post-multiplication of a diagonal matrice
X, (P̃ = XP, Ã = AX−1) uniqueness is not guaranteed. In
order to identify a unique solution, one needs to impose further
conditions on the problem. For example, the decomposition
achieved in PCA requires orthogonality of the rows ofP ,
the one in ICA require these to be realization of statistically
independent random variables. The uniqueness of the NCA
decomposition [?] is guaranteed by the presence of a sufficient
number of zeroes inA. A more precise formulation of this
problem is obtained if we look at the log-likelihood function
derived from the model described:

L(A,P |E) = ||E −AP ||,

where ||X|| =
∑N,M

i=1,j=1 x2
ij , that is A and P enter the

likelihood only in their product. If two pair of matricesA,P
and Ã, P̃ result in the same productF , then the parameters
are non identifiable. In general, in this problem, we will be
able to achieve at best quasi identificability in the sense of



the equivalence classes described above. Requirements on the
zero patterns ofA to insure identificability are given in [?]
and sufficient conditions proved in Boscolo et al. (2004).
In these references, we can also find a description of a
likelihood maximizing algorithm, based on a two step least
square iterative procedure. To describe this, it is convenient
to introduce some notation. First, letei = (ei1, . . . , eiM )′

represent the entire vector of observations on genei. Let
α∗

i be the vector formed by the non-zero components of
αi = (αi1, . . . , αiL)′; and let P (i) be a matrix that has as
column elements the vectorspj = (pj1, . . . , pjM )′ such that
αij 6= 0. Then, we can write:

N∑
i=1

M∑
t=1

(eit−
L∑

j=1

αijpjt)2 =
N∑
i

(ei−P (i)α∗
i )

′(ei−P (i)α∗
i ).

(1)
Secondly, let us indicate with e the vector
(e11, e21, . . . , eN1, e12, e22, . . . , eN2, . . . , e1M , . . . , eNM )′,
with p the similar vector(p11, . . . , pL1, . . . , piM , . . . , pLM )′;
and withA a block-diagonal matrix of dimensionsMN×ML
and with repeated diagonal blocks equal to the matrix obtained
stacking asN rows, the vectorsα′

i. Then, we can write:

N∑
i=1

M∑
t=1

(eit −
L∑

j=1

αijpjt)2 = (e−Ap)′(e−Ap). (2)

The two step-least square can be described as:

p`+1 = (A′
`A`)−1A`

′e

α∗
i(`+1) = (P (i)`+1′P (i)`+1)−1P (i)`+1′ei

Once estimates are obtained, their variability can be assessed
using a bootstrap procedure. Note that given the fact that there
is a scale and sign ambiguity, one has to be careful to use the
same convention is normalization and sign assignment across
samples. One relatively easy way around this problem, is to
consider functions ofP andA that are invariant with respect
to the normalization of choice. We will call these “idenitifiable
profiles”. If we are interested inpj·, then the identifiable profile
is

∑
i=1N αijpj·. If we are interested inαij , then the identi-

fiable profile will be
∑

t αijpjt. Looking at these functions
makes it evident, for example, that there is a confounding
between the zeros of A and P. Clearly, if a transcription
factor does not regulate any of the genes in the system, it
cannot be estimated. Conversely, if a transcription factor is
not activated in the experiments under study, its regulation
strength on the genes in the set cannot be differentiated from
zero. For completeness, we give a description of the bootstrap
procedure that can be used. The parametric bootstrap is best
suited to our problem, where the number of parameters to be
estimated is tied to the number of observations. Hence, we use
E− ÂP̂ to define a matrix of errors and we create a series of
bootstrap datasets by adding tôAP̂ a resampled version of the
errors. Estimating the parameters in the bootstrap datasets and
recording their values we can obtain confidence intervals for
the parameters on the model (or their identifiable profiles).
Bootstrap “with surgery” can also be used to conduct test

of hypothesis. In such case, bootstrap samples from the null
hypothesis ofpjt = 0 are obtained settinĝpjt = 0 in the P̂
matrix and resampling again from the same error distribution
as above. While the bootstrap seems to perform adequately
in this problem, a theoretical proof of its validity is hard to
achieve given the dependence of the parameter space on the
number of observations. This represents one limitation of the
current approach.

An other limitation can be identified in the requirements
for identifiability of the model: while the conditions onA and
P make intuitive sense in addition to guarantee identifiability,
they are dictated by mathematical reasons and not by biology.
Indeed, it is quite possible that the true regulatory network
does not satisfy the identifiability conditions.

An other difficulty of the present implementation of NCA is
that the distinction between zero and non zero elements ofA
is rigid: perfect information on the topology of the regulatory
network is assumed. Such information is, however, typically
available only on a small number of genes. There are, on the
contrary, a number of methods that one can use to impute the
topology on the base of sequence information. These methods
tend to produce a higher number of false positive than false
negative. It would be of interest to attempt NCA with these
type of prior information on the network structure.

II. A B AYESIAN APPROACH

Taking a Bayesian approach allows to address the two
issues raised above (identifiability and error estimation) in an
easy and efficient way. Indeed, the assumption of any prior
distribution introduces further constraints on the parameters
that help overcoming the issues of identifiability. Moreover,
the presence of a proper posterior distribution leads to a
simple evaluation of the variability of the estimates. Given this
general framework, we review what prior assumptions may be
reasonable and computationally efficient and how it is possible
to evaluate the posterior distribution appropriately.

It is again convenient to resort to the parameterization of the
problem used to describe the maximization algorithm. Perhaps
the easiest form of prior distribution assumes independence
between all ofα∗

i andp and chooses a gaussian form for their
distribution:

p ∼ N (0,Π)
α∗

i ∼ N (0,Λ)

In both cases we choose a mean of zero, because the param-
eters in question are equally likely to be positive or negative.
The covariance matricesΠ and Λ can be diagonal or incor-
porate some prior information on dependence. In particular,
Π can be choosen such thatpj· is independent frompk·, but
there is dependence across the values of the same regulatory
protein across experiments. This is particularly useful when
the experiments come from a time series situation, so that one
can expect smooth variation of the values ofpjt. Notice that
when the variance covariance matrices are diagonal and we



keep variance constant we, this prior implies that thepjt are
identically distributed a priori. This may be an assumption
stronger than one is willing to make, and it can be easily
replaced by exchangeability or partial exchangeability, by
choosing to introduce a further prior distribution on the mean
vector and the variance covariance matrix of these gaussians.
For the time being, however, we illustrate the implication of
the described simplest prior.

The posterior distribution derived from the combination of
these priors and likelihood is not of known form. However,
two observations are immediate: the parametersA andP do
not appear in the objective function only through their product
anymore. The identifiability issue is hence resolved. Moreover,
scale ambiguity is also overcome and the only element of
confounding betweenA and P appears to be in the sign.
Furthermore, the conditional posterior distributions ofP |A
andA|P are multivariate gaussians. It becomes then very easy
to construct a Markov chain Monte Carlo procedure to obtain
realizations from the posterior. In particular, the iteration of
the following random sample defines a Gibbs sampler:

p`+1 ∼ N ((A′
`A` + Π−1)−1A`

′e, (A′
`A` + Π−1)−1)

α∗
i(`+1) ∼ N (m`+1

αi
, s`+1

αi
)

m`+1
αi

= (P (i)`+1′P (i)`+1 + Λ−1)−1P (i)`+1′ei

s`+1
αi

= (P (i)`+1′P (i)`+1 + Λ−1)−1

Once a sample from the posterior distribution is obtained,
quantiles can be used to define confidence intervals. A compar-
ison of these results with the ones obtained via the bootstrap
and the maximum likelihood evaluation are available for the
two component system. It is of interest to consider confidence
intervals for the elements ofA and their possible overlap with
0 when the initial connectivity structure is not based only on
experimental information, but also on imputed binding sites.
These sample from the posterior distribution can also be used
to evaluate correlation between the various parameters.

An other advantage of the bayesian approach is that it makes
it easy to deal with missing data in theE matrix, which are
very common. These can be sampled in form analogous to the
one of the parameters. In particular, given the current values
of the paramtersA`, P `, one can sample the missing valueeit

as follows:

eit ∼ N (
L∑

j=1

αijpjt, σ).

This sampled value can be then treated as an observation for
the updating step ofA andP .

Notice that so far we have considered the variances of this
model as known, but there is no real reason to do so. One can
estimate them and, in particular, the structure of the model can
be changed in order to take into account multiple arrays from
the same experiment and repetitions of the same experiments.

III. I NFERENCE OF THE CONNECTIVITY STRUCTURE

Both in the original methodology for NCA and in the
variation described above, information on the localization of

ar
aC

ar
cA

ar
gR

cp
xR

cr
eB cr

p
cs

pA
cy

tR
dn

aA
fa

dR fis fli
A fn
r

fr
uR fu

r
ga

lR
gc

vA
gl

pR
le

xA
m

al
T

m
et

J
m

et
R

na
gC

na
rL

na
rP

nt
rC

om
pR

ph
oB

pu
rR

rp
oH

2
rp

oH
3

rp
oN

rp
oS

17
so

xS
to

rR
tr

pR tu
s

ty
rR

Total number of gene regulated by TF

Transcription Factors

N
um

be
r 

of
 g

en
es

 r
eg

ul
at

ed

0
10

0
20

0
30

0
40

0
50

0

Fig. 1. Number of genes regulated by each of the TF under study (number
of non zero elements of the A matrix, column by column)

the zeros in the A matrix is assumed as a given. However,
experimental information is available only on a small fraction
of genes, so that it is of interest to describe methodologies
that can provide us with prediction of the topology of the
regulatory network under study. One venue to reconstruct the
connectivity information is the analysis of upstream sequences
for the genes in the attempt to identify binding sites for the
regulatory proteins of interest. We have develop an algorithm,
called Vocabulon([6], [7]) that using a stochastic dictionary
model performs this task. Using this model one obtains
connectivity information on all the genes, thus substantially
increasing the number of observations one can count on for
estimation purposes. In [7] we have described the prediction
of binding sites for 41 regulatory proteins in E. Coli using
prior information on the characteristics of the binding sites
as described in [5] . We analyzed 700 bp segments in the
promoter regions of 3277 genes in E. Coli [1]. These genes
were selected, out of the 4290 total genes, to take into account
operon structure. Indeed, many genes clusters in E. Coli are
transcribed as an operon, in the sense that the genes are
adjacent, in the same direction, and regulated by a common
promoter region upstream of the first gene. Although the entire
operon structure in E. Coli is unknown, we were able to use the
predictions described in [8], with a cut-off posterior probability
of being in an operon equal to 0.9.

IV. EXAMPLE

To illustrate both the advantages of the Bayesian framework
we propose and the flexibility of the dictionary model, we have
analyzed with Bayesian NCA the data on 35 experiments of
E. Coli that are publically available or carried out by us in
the laboratory of prof. Liao. The nature of the experiments
is as follows: 1-12 Tryptophan timecourse [4]; 13-19 glucose
acetate transition (Liao lab); 20-24 UV exposure [2]; 25-35
Protein Overexpression timecourse (Liao lab).
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Fig. 2. Profiles of activation for the LexA and trpR regulons in the 35
analyzed experiments. Vertical bars indicate confidence sets.

Using the prediction of binding sites obtained with Vocab-
ulon, and the binding sites which are known from literature,
we were able to identify a set of 1448 genes regulated by
38 proteins. The breakdown of how many genes are regulated
by each Transcription Factor (TF) is given in Figure 1. There
were 6240 missing values in E (around 12%) of the data.
Considering only the genes for which complete observations
where available, would have reduced the number of genes to
302. Using our missing value imputation procedure we were
able to use information coming from all the 1448 genes.

Biological knowledge on the nature of the microarrays
experiments suggests that the LexA regulon should be acti-
vated in the UV experiments and the TrpR regulon should
be activated in the Tryptophan timecourse. Indeed, as shown
in Figure 2, the TFA profiles of these two regulators appear
different from zero and positives in correspondence to those
experiments. This reassures us both that the prediction of the
Vocabulon algorithm for the zeros in the A matrix are correct
and that the framework of Bayesian NCA is useful to capture
the intracellural mechanisms.
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